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1 Introduction 

In this paper we study the following nonlinear nonlocal Cauchy problem: 

fpflfcu+(-A)5 [u m ] =0 xeR N , t>0 
\u = u lei", t = 0. 

The nonlocal operator (— A)^ is the fractional Laplacian of order cr/2; see 
for instance [3] for a comprehensive account on the subject. The parameter a 
is supposed to vary in the open interval (0, 2), thus a representation for such 
operator in terms of a singular integral holds. The function p(x) is a density; 
it is assumed to be positive and to depend continuously on the spatial variable 
x. The initial value u is a bounded function belonging to the weighted space 
Lp(M. N ) of measurable functions / satisfying J RN f pdx < oo. Finally, N > 1 
and to is a real parameter greater or equal to 1. The aim of this paper is to 
investigate existence and uniqueness of solutions to problem (jl.ll) . 

By replacing the nonlocal operator in (jl.lj) with the classical Laplace op- 
erator A we obtain the initial value problem for the porous medium equation 
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with variable density: 



pdtu — Alt' 



ler.oo 
x e R w , t = o. 



(1.2) 



U = Uq 



Problem (|1.2p have been extensively studied in the literature; see [9], [15] , 
[TT] . [12], [IS], [16], [19], and also [20] -[22] where similar problems on Rieman- 
nian manifolds have been taken into account. The picture for problem (|1.2j) 
has been completed in [H]-[25] where existence and uniqueness of solutions 
to this problem have been established in the class of finite energy solutions 
assuming the initial data uq nonncgative and in L . Uniqueness of solutions 
to (|1.2[) is a delicate issue and is strictly related with the behavior at infinity 
of the density p. More precisely, if N = 1 or N — 2, then uniqueness of 
solutions holds if p merely belongs to L°° (see [H]). If instead TV > 3 an ad- 
ditional requirement on p must be satisfied in order to get uniqueness, namely 
that p{x) vanishes slowly as \x\ diverges, whereas nonuniqueness phenomena 
arise if the opposite behavior is satisfied by p (see [10], [H], [16], [T9 ] -[22 ] . 



If p = 1 in (|1.1[) , we get the following nonlocal version of the initial value 
problem for the porous medium equation: 



This problem has been studied very recently in [8] where existence, unique- 
ness and properties of weak solutions to (|1.3j) have been established assuming 
Uq G i 1 (M Ar ); the particular case a = 1 has been addressed in [7]. 

The study of problem (jl.ip makes perfect sense, as it can be regarded 
both as a generalization of problem ([1.3[l and as nonlocal version of problem 
(|1.2[) . Moreover, problem ([1.1)1 arises in many physical situations (see, e.g. 
POi 03] > 03]) sucn as diffusions in inhomogeneous media and is particularly 
interesting from a probabilistic point of view since, as it is well known, the 
fractional Laplacian is the infinitesimal generator of a Levy process (see [2])- 
Nonetheless, to the best of our knowledge, the analysis of problems like (|1.1[) 
is relatively new in the literature. Some results for nonlocal linear parabolic 
equation with a variable density have been established in [5], but not for 
problem considered in this paper. Recently, in [23) . it has been studied the 
special case N = a = 1, that is 



[24]-[25]). 




(1.3) 




pdtu+( -j— [u m ] =0 x e M, t > 




(1.4) 
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In the light of results in [TU], [H] [IB], and [T5], bounded initial data have 
been considered in |23| ; existence and uniqueness of very weak solutions to 
problem (|1.4[) (namely solutions not having finite energy in the whole R N ) 
have been proved in the class of bounded solutions not satisfying any extra 
conditions at infinity. 

We point out that the arguments used in are completely different 
from those in the present paper. In fact, as well as in [15], [24]-[25], [I]-[8], 
we deal here with weak energy solutions to problem (sec Definition 12. 
and consider nonnegative bounded initial data uq belonging to L},(M. N ). We 
emphasize also that our results differ from those in [7]-[8], where p is constant. 

We outline next the structure and main contributions of this paper. In 
Section [2] after recalling the mathematical background about the fractional 
Laplacian, such as its realization through the harmonic extension, we give the 
precise notion of solution we will considered. In Section [3] we prove existence 
of weak energy solutions. The presence of the varying density p does not 
bring any additional technical difficulty at this stage of the work, and the 
proof of the main result of this Section, Theorem 13.11 goes along the same 
lines as the proof of the existence results in [7] , [8] and [23] ; however we will 
sketch it for seek of completeness and for further references. 

In Sections [4] and [5] we deal with uniqueness and nonuniqueness of solu- 
tions. Concerning these issues, as expected, problem (jl.lj) turns out to share 
many aspects with its local counterpart, problem (11.21) . 

First, in Theorem 14.11 we establish uniqueness under the additional re- 
quirement that p(x) vanishes slowly as \x\ diverges. As a byproduct, we 
show that total mass is conserved along the evolution; see Proposition 14.41 

The opposite situation in which p(x) dacays fast as |a;| — > oo is studied in 
Section[5] We first prove in Theorem [53] that in this case there exist solutions 
to (|l.ip satisfying an extra condition at infinity (see (|5 . 1 2[) ) : the proof of this 
results makes use of a Theorem shown in [27] and requires N > 2. As a 
consequence, in Corollaries 15.71 and 15.81 we easily obtain nonuniqueness of 
bounded solutions, if we do not specify their behavior at infinity. Instead, 
we shall prove that uniqueness is restored in the class of solutions satisfying 
a proper decay condition at infinity (see Theorem 15. 9[) . 

Finally, in Section [BJ we study the particular situation in which a = 1 in 
(fTT]) . that is: 

pd t u + (-A)s [u m ] = x G R N , t > 

iu (1-5) 
u = u Q xeR n , t = 0. 

In this case, it is possible to get rid of the boundedness assumption on the 
initial data and to generalize to the case u G Lp(R N ) existence and unique- 
ness results previously discussed for u G L^R 1 ^) n L°°(R N ). A key tool, 
for this scope, is a smoothing estimate (see Theorem I6.2[) . which holds true 
under the requirement p G L°°(R N ), that we prove by slightly adapting an 



F. Punzo and G. Terrone 



argument of [7J. Let us mention that, to the best of our knowledge, our 

results are new also in the linear case (m =1), that is for problem 

pd t u+ (-A)f [u] = xGR N , t>0 
u = u xeR n , t = 0. 

In this case, losely speaking, uniqueness of solutions corresponds to the fact 
that the Levy process associated to the operator ^(— A)', starting from any 
point in M. N , docs not attain infinity. On the contrary, a solution satisfying 
additional conditions at infinity exists when the Levy process exits arbitrarily 
large balls. 



2 Mathematical background 

The fractional Laplacian (— A)"'/ 2 is a nonlocal partial differential operator; 
it can be defined in many different ways, one of which relies on the Fourier 
transform. For any g in the class of Schwartz functions, if (— A)"/ 2 g = h 
then 



mo = lersco- (2.1) 

If we require a to vary in the open interval (0, 2) we can use the representation 

g(x) -5(2). 



where C 



{-W*g{x) = C N 

2 a - 1 <jT((N+&)/2) 



P.V. 



\N+a 



dz, 



(2.2) 



K JV \X - Z\ 

is an appropriate positive normalization con- 



rr N ' 2 r(l-a/2) 

stant depending on N and a. 

In the following Sections [31 |U and [5] we will assume 



N 



, p > in 



f(i) pe 

(ii) u G L°°(R N )r]L+(K N ) 

(iii) m > 1, 
Uiv) 0<o-<2. 



(Ao) 



Here 



Lj(R ) := >{ / measurable in 



ll/l 



L 1 



/ p dx < co > , 



niV 



):={/€ ip(R W ) I / > 0} 



L+(R N ) and p £ I 00 ^) 



In the final Section [S] we will modify Assumption ( |Aq| ) by requiring it G 
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Observe that in view of Assumption flAo| )-(i), the measure p(x)dx is abso- 
lutely continuous with respect the Lebesgue measure in R N and lim = 

q— »oo p 

|| /|| oo; here ||/|| L | is the weighted norm (/ RJV \f\ q pdx) 1/q while || • is 
the usual norm in L°°(M. N ). Notice also that Assumption flAo| )-(i) implies 
L\0) = L\{0) for any bounded domain O C R N . 

Multiplying the nonlocal partial differential equation in (jl.ip by a test 
function ip compactly supported in x (0, T), T > 0, integrating by parts, 
taking into account ()2.1|) and using the Plancherel's Theorem, we discover 
that 

/ pudtijdxdt- [ [ (-Ay/ 4 (u m )(-A)^ 4 ijdxdt = 0. (2.3) 
o Jr n Jo Jr n 

The integrals above make sense if the function u m belongs to an appro- 
priate space, namely the fractional Sobolev space H t7 ^ 2 (R N ), which is the 
completion of Cq°(R n ) with the norm H^H^/a = IK-A^/VIIl^b")- 

Definition 2.1. A solution to problem (jl.ip is a function u > such that: 

• u 6 C([0,oo);i£(R JV )) andu m € L? oc ((0,oo) : H°t 2 {R N )); 

• for any T > 0, i/j E C^(R N x (0,T)) identity jH]) holds; 

• w(-,0) = i*o almost everywhere. 

In accordance with the terminology of [8] , such solutions can be called L x p 
weak energy solutions. 

If (p is a smooth and bounded function defined in M. N , we can consider its 
cr-harmonic extension v = E(<p) to the upper half-space 

{l:=R* +1 = {(x,y): xeR N ,y>0}, 

that is, the unique smooth and bounded solution v(x,y) of the problem 

fv (y^Vv) = in ft 

I v(x, o) = v 5 !^) m r. 

Here r := n {?/ = 0} = R N . It has been proved (see g], [8]) that 

-u a lim y 1 "^ = for a11 £ 6 T, 

y ^o+ dy 

2 — l f (T / 2 

where /v := r(i-a-/2) • We then define the operators 



L„v := V (y^W) 

— := hm j — . 

dy y^o+ dy 
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Solving problem is equivalent to solving the following quasi-stationary 
problem for w — Fi(u m ), with a dynamical boundary conditions: 



L a w = 
dw 

dy° = P ~ 

w = u 7 fl l 



dt 



(x,y) en,t>o 

x e r, t > o 
x er,( = o. 



(2.4) 



We introduce next weak energy solutions of problem (|2.4j) . Formally, 
multiplying the differential equation in (|2.4j) by a test function %j) compactly 
supported in Cl x (0, T], integrating by parts and taking into account initial 
condition and the dynamical boundary condition we get: 



— / [ pud t ^dxdt = [ [ • (y^^Vw) dxdydt. (2.5) 
Ma Jo Jr Jo Jn 

We denote by X CT (0) the completion of (O) with the norm 



\Mx. 



Given a function / S W 1,2 (£l) we denote by /|p its trace on V, which is in 

L 2 (r). 

Definition 2.2. A solution to problem (|2.4[) is a pair of functions (u, w) 
with u > 0, w > 0, such that 

• ueC([0 lO o);Lj(r)); 

. wELl c ((0,^);X°(n)); 

• w| rx(0 ,oo) = u m ; 

• for anyT>0,ipe Cft(Q x (0, T)) there holds 

[ [ pudtipdxdt = n„ [ [ W ■ (i/ 1_ff Vw) dxdydt; (2.6) 
Jo Jr Jo Jo 

• the identity u(-,0) = uq holds almost everywhere. 

The following result establishes the equivalence between the two notions 
of solutions given in Definition 12.11 and Definition 12.21 it can be proved as in 
Section 3.3]. 

Proposition 2.3. A function u is a solution to problem (jl.lj) if and only if 
(u,Fj(u m )) is a solution to problem (|2.4|) . 
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3 Existence of solutions 

The aim of this Section is to establish the following 



Theorem 3.1. Let assumption flApD be satisfied. Then there exists a solution 
(u,w) to problem (|2.4[) . Furthermore, 

|| u IIl oo Or jv x(o,oo)) ^ II u o||l^(r«), _ ^. 

II w IIl° c (R«x(0,oo)) < ll^ol-L^R") 

and 

\H;t)\\Ll < \\uohl foranyt>0. (3.2) 

Remark 3.2. In the proof of Theorem 13. II a solution (u,w) is constructed. 
Such solution turns out to be minimal, in the sense that if (u, w) is another 
solution, then u < u and w < w. □ 



Proposition 3.3. Let assumption flApD be satisfied. Let (u,w) and (u,w) be 
minimal solutions to problem (|2.4[) provided by Theorem \3.1l corresponding 
to initial data Uq and Uq, respectively. Then, for any t > 0. 



u(x, t) — u(x, t))\ + pdx < / [uq — uo] + pdx. (3-3) 
r Jr 

The statement of Theorem 13.11 and Proposition 13.31 above can be proved 
proceeding as in [8] and [23]. In fact, at this stage of the analysis, the presence 
of the varying density p does not bring any additional difficulty However, we 
sketch the main steps of their proofs for seek of completeness and for later 
references. 

We use next a spectral decomposition to define the fractional operator 
(—A) "/ 2 in a bounded domain O of R*. In fact, let {£ n }i° be an orthonor- 
mal basis of L 2 (0) made by eigenfunctions of —A in O completed with 
homogeneous Dirichlet boundary conditions, and let {A„}J° the sequence of 
the corresponding eigenvalues. For any u 6 C 3O (C') 

OO 

(-A) ff / 2 U ~^A^ 2 U)1 £„ mO, 

n=l 

where u = Y^=i u n£,n in L 2 (0). By density, (— A) cr / 2 it can be also defined 
for u belonging to the Hilbert space 



H°i\0):={ueL\0) H 2 ff0 



Recall that for every R > 0, in view of hypothesis QA D -(i), we have 
L 1 (Bn) = Lp(Bn), Br being the open ball of radius R with center at 0. 
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Let R > 0, uq G L^(B r ). We consider the following Cauchy-Dirichlct 
problem in B R : 



pd t u+(-A)2[u m }=0 xeB R ,t>Q, 
u = x e dB R , t > 0, 

U = Uq X G Br, t = 



(3.4) 



and give next 

Definition 3.4. A solution to problem (|3.4I) is a function u > such that: 

• u G C<\Q,oo)-,L),(B R )) and u m G £^((0, oo) : H^ 2 (B R )); 

• for any T > 0, ip G Cft(.B fl x (0, T)) ttere ftoZds 

/ / P ud t ^dxdt = [ [ (-A) <7 / 4 u m (-A) CT /Vda;dt; (3.5) 
Jo Jb r Jo Jb r 

• u(-,0) = uq almost everywhere in B R . 

As well as for problem (jl.ip . to solve problem (|3.4p we can also consider 
the analogous of problem (|2.4[) in the half-cylinder C# := .Br x (0, oo) with 
zero lateral condition: 



L a w = 
w = 

ay 7 ~ p 



w 



Of 



(x,y) £C R ,t> 0; 
x G <9Cr, y > 0, t > 0; 

X G C Rl y = 0, t > 0; 
xGC fl ^ = 0, * = 0. 



(3.6) 



Definition 3.5. v4 solution to problem (|3.6[) is a pair of functions (u,w), 
with u > 0, u> > 0, suc/i i/iai: 

. u6C([0,oo);Li(S fl ))/ 

. W G£L((0,^);^ o CT (Cfl)); 

• Hb r x(0,oo) = U ™>' 

• for any T > and ^ = ^(x, y, t), ip G Cq(-Br x [0, oo) x (0, T)), there 
holds 

[ pudtipdxdt = p a [ [ Vtp ■ (y 1_<r V«;) dx dy dt; (3.7) 
o Jb r Jo Jc r 



the identity it(-,0) = uq holds almost everywhere in B R . 
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As well as in the case of (see Proposition 12. 3|) . the two notions of 
solutions given in Definition 13.41 and Definition 13.51 arc equivalent. 



The following existence result holds for problem (|3.6 



Proposition 3.6. Let assumption flApP be satisfied. Then for any R > 
there exists a solution {ur,wr) to problem fl3.6p . Moreover, the following 
properties are satisfied: 

i. If ur and ur are solutions of (|3.6[) corresponding to initial data uq and 
So respectively, then 

[u R (x,f) - u R (x,t))] + pdx < / [ii - u ] + pdx; 

Jb r 

in particular, since uq > then un(x,t) > for every x £ Br and 
every t > 0; 

ii. < wr < ||wo||S for every x £ Cr and every t > 0, < ur < ||ito||oo 
for every x £ Br and every t > 0; 

Hi. For any R' > R, wr/ {x, t) > wr(x, t) for every x £ Cr and every t > 0; 

Proof. The statement follows as well as in Theorem 7.1 and Theorem 7.2] 
and [531 Proposition 3.5]. □ 

Proof of Theorem \S.1[ To solve the problem in the whole we proceed 
along the same lines of [H Theorem 7.2] and [23j Theorem 3.1]. For any 
R > 0, by Proposition 13.61 there exists a weak solution (ur,vjr) to problem 
(13.61) in Cr x (0, oo). Since wr are monotonic decreasing with respect to R 
and uniformly bounded, there exist the limits 

lim ur =: u in V x (0,oo), 
lim wr =: w in O x (0, oo). 

R— >oo 

Then by usual compactness arguments, it is easy to check that (it, w) is a 
solution to (|2.4[) . Clearly, by construction, (u,w) is the minimal solution. 
Moreover, from Proposition 13.61 we can infer that (|3.1[) and (|3.2p hold true. 

□ 

We conclude this Section by showing the L x p contraction principle stated 
in Proposition 13.31 

Proof of Proposition \3.3\ Arguing as in the proof of Theorem 13. 1[ we have 



u = lim Ur, u = lim ur in 

R— >oo R— >oo 
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where ur and ur solve the approximating problem (|3.6[) with initial data uq 
and uq, respectively. Observe that 

uqXb h -» Uo, uoXB R -> uo as R -> oo, in R ff , 
l u o — ^o|xb« < \ u a\ + in R w , for all R > 0. 

Furthermore, 

~ < \u\ + \u\ in for all R > 0. 

Since uo,uo,u,u G L^"(R ), from the dominated convergence theorem and 
Proposition 13 .6H . we obtain the conclusion. □ 



Henceforth, unless otherwise specified, the term solution must be under- 
stood in the sense of Definition 12.11 



4 Slowly decaying density 

Let us assume the following condition: 

there exist C > 0, R > and a £ (0, a) such that , . . 

p{x) > C\x\~ a for all x eR N \B R . ( l > 

Under hypothesis QAiD we will establish both uniqueness of solutions not 
satisfying any extra condition at infinity and conservation of mass. 

4.1 Uniqueness of solutions 

We shall prove the following 



Theorem 4.1. Let assumptions flApl ), flAil ) be satisfied. Then there exists 
at most only one bounded solution to problem (|1.1[) . 



Before proving Theorem I4.1[ let us introduce the following notations. 
First of all we set, for later use, 

G(s) := s m (s £ R+). (4.1) 

We also take a nonnegative non-increasing cut-off function r\ such that 

1 if0<s<l, 

if s > 2; 

then, for each R > 0, define 



Vr(x) ■= v[ ) for a11 x e R ■ ( 4 - 3 ) 
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Observe that, for R = 1, (fi(x) — rj(\x\) (x G 

By using the representation (|2.2p it can be shown the following lemma 
(see Section 9.2], (3]). 

Lemma 4.2. For any R > let (p^ be the function defined by (|4.3[) and 
(|4.2[) and let y := Jj. TTien, /or any i? > 0, 



(-ArJ 2 <p R (x) = R~ a (-A)y/ 2 ipi(y) for all x G R N . 
Furthermore, there exists a constant C > such that 

C 



(-a)*/V(*) 



< 



/or aZZ x G 



(4.4) 



(4.5) 



We are now in position to prove Theorem 14. II 

Proof of Theorem \4-.l\ Suppose, by contradiction, that there exist two dif- 
ferent solutions u, u to problem (jl.ip . Take any p > 1 and q > 1 to be fixed 
later such that - 



p g 



1. 



Since u and u are bounded, we get, for some L > 0, 

|G(u) -G(u)| < L\u-u\ < C\u-u\* in l"x(0,oo), (4.6) 



where C :— L(| 



and G is defined in (14.11). 



Let < t\ < ti < T and set no 



ts-ti 



1. Consider a sequence of 



functions {/«.}«>«.(, C G°°([0, oo)), such that, for any n > no, 

< /„(*) < 1 for any t > 0, /„(*) = for any t £ [t u t 2 ], 
fn(t) = 1 for any t G 



1 1 

h + -,h - - 
n n 



Note that f n (t) — > X[ti,t 2 ]( < ) as n — )• oo for any t > 0, so /^(i) converges to 
8(t — t\) — S(t — t 2 ) as n — > oo in the sense of distributions. 

Let ip G G(f (R N ); for any n > n set 

VUM) := ip(x)f n {t) for all iel",(>0. 

For each n > no we can use such ij) n as test function in Definition 12.11 so, 
integrating by parts, 



T r rT 

puipf^(t)dxdt = 



JR N 



o Jm N 

T 



f n (t)(-A)^ 4 (G(u)) (-Ay/ 4 iPdxdt 



JR N 



f n {t)G{u){-AY' 2 ^dxdt. 
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Then sending n — > oo we get: 



p{x)[u{x,t 2 ) -u(x,h)]ip{x)dx = [ I G(u)(-A) a/2 iPdxdt. (4.7) 



ti Jm N 



Analogously we have 



p{x)[u{x,t 2 ) - u{x,t 1 )]^{x)dx = [ [ G(tL)(~Ay /2 4>dxdt. (4.8) 

Jt-L JWL N 

Subtracting (J4~8]) to (|4J]) we obtain: 

p(x)[«(x, t 2 ) — u(x, t2)]ip(x)dx — / p(x)[u(x,ti) — u(x,ti)]ip(x)dx 



C(-A) CT / 2 V'(x)dxd<, (4.9) 



where £ := G(u) — G(u). 

For any R > 0, let be the function defined in (|4.3p and (|4.2p . Formula 
for -0 = ipft gives: 



p(x)[u(x,t2)-u{x,t2)](pii(x)dx— / jo(x)[u(x,ii) -u(x,t\)}tpR(x)dx 

= / 2 / C(-A) CT / 2 ^(x)dxdt, (4.10) 

Now we estimate the absolute value of the right hand side of (|4.10[) . In view 
of ()4.6|) . by using Holder inequality we obtain: 

f 2 1 a-Ay> 2 VR {x)dxdt 

It! Jm N 

<C r f \u-u\ 1/q \(-A) a/2 (p R (x)\dxdt 
' I [p(x)}- 1/q \(-A) a ^ 2 ip R (x)\\u-u\ 1 / c '[p(x)} 1 ^dxdt 



ti JK. N 



< cih-hy/p ( [ [p{x)]-vii\(-Ay/ 2 v R {x)\ p dx 

/ / \u-u\p(x)dxdt) . (4.11) 



Set 



d := (maxp)-P/«, C 2 := / I (— A)°"/ 2 ^i(a;) I'dx. 
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Performing the change of variable y := ^ , using hypothesis ( |Ai[ ), and prop- 
erties (|4~4f and (|4~5j) we get: 



R N 



[p{x)]-vlo\{-&yf 2 v R {x)\ p &x 



<d f \(-Ay/ 2 <p R (x)\ p dx + J—[ \(-Ay/ 2 ^ R ( x )\ p \x\ a Ux 

Jb a Cvli J R N\ Bj . 



:CiR N -*° I |(-A) CT /Vi(y) 



p dy 



jnN —pcr-\-a — 

|(-A)-/Vi(y)ri2/| Q 'cly 



CP/9 Jm-\B A/r 
r>N—p<j+a£ r- -i 

<C 1 C 2 R N - pa + r-, / -dy. (4.12) 

Cp/i J r n (1 + \y\( N +"))P\y\- a « 

Since < a < a, we can choose p > 1 so big that a < p ^Zi ■ Thus, since 



-pa + N + a- < 0, 

q 

(N + a)p - a- > N . 



(4.13) 



(4.14) 



From (|4~T3l) . (|4TT2)) . (|4TTTj) . for u,u G Ljtl"), it follows that 
/ / C(-Ar /2 <y9R(V)ci:E -> asi?^oo. 

Jti JR" 

On the other hand, since u, u G Lp(K ),0 < ip R < 1 and <pr(x) — > 1 as 
i? — > oo for every x G R N , by the dominated convergence theorem, 

lim < / p(x)[u(x, t 2 ) — u(x, t2)]<pndx- 



p(x)[u(a;,ii) - «(x, *i)] <Pr<1x 
p(x)[u(x, t 2 ) — u(x, t2)]dx — / /o(x)[u(x, ti) — u(x, t\)]dx . (4.15) 



/R w 

As a consequence of (|4.10[) . (|4. 14[) and f|4. 15[) we have: 



p(x)[u(x, t2) — u(x, t2)]dx — / p(x)[u(x, ii) — u(x, ti)]dx = 0. 

R N JR N 

Since u, u G C([0,oo);iJ(M Ar )) and u{x,0) = u(x,Q) = u (x) for almost 
every x G M. N , we have, as t\ — > + , 

/ p(a:)[u(x, — u(x, t2)]dx = / p(x)[u(x, 0) — £t(x, 0)]dx = 0. 
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This implies u(x,t2) = u(x,t2), for almost every x G M. N , because p > in 
R N . Since t-x > were arbitrary, the proof is complete. □ 

Remark 4.3. i. For problem (|1.2[) . uniqueness is proved in |25j supposing 
QAiD with a G (0, N]. Furthermore, uniqueness for very weak solutions 
is established in [19] assuming ( |AiD with a G (0, 2]. 

ii. In the present situation, if one wanted to weaken hypothesis ( |Ai[ ) and 
to apply the same arguments as above in order to show uniqueness, one 
should replace ipi by a function satisfying a decay condition stronger 
than (|4.5|) . Unfortunately, as shown in [3], the decay (|4.5|) is the mini- 
mal one can expect. 

□ 



4.2 Conservation of mass 

By exploiting some arguments introduced in the proof of Theorem 14.11 we 
can prove the following property of solutions to problem (|1.1[) . 



Proposition 4.4. Let assumptions flApD , ( |AiD be satisfied. Let u be the 
bounded solution to problem (jl.l|) . Then 

u(x,t)p(x)dx = / uo(x)p(x)dx for any t>0. (4-16) 

Proof. Keep the same notation as in the proof of Theorem l4.ll By (|4.7[) with 

p(x)[u(x,t 2 )-u(x,t 1 )}ip R dx = [ f G(u)(-A) a / 2 <p R dxdt. 

(4.17) 

From (|4.17|) and (|4.14|) with ( replaced by G(u), we obtain 

u(x, t2)p(x)dx = / u(x, ti)p{x)dx . (4-18) 

Since u G C([0, oo); L},(M. N )), as a consequence of (|4.18|) . by sending t\ — > + 
we obtain the conclusion. □ 



5 Fast decaying density 

Let us assume now that p(x) vanishes fast as |x| diverges, that is: 

there exist C > 0, R > and a G (a, oo) such that , . . 

p(x) < C\x\~ a for all x G R N \B R . ^ 2 > 

Under hypothesis QA 2 | ) we shall prove existence of a solution to problem (|1.1[) 
satisfying an extra condition at infinity. From this we will infer nonuniqueness 
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of solutions to the same problem, if we do not specify extra conditions at 
infinity. Instead, uniqueness is restored in the class of solutions satisfying a 
suitable decay estimate as \x\ — > oo. 

5.1 Preliminary results 

We shall use the following Proposition, which is shown in [37], and some 
consequences of it. 

Proposition 5.1. Let N > l,r > 1, % < (3 < N . Let 

N r-1 . . 

/3 <u<N . 5.1) 

r r 

Suppose that f(\x\)\x\ v € L r (S, N ). Then there exists a constant C > such 
that 

f(\y\) j.. < r\\\r\ u f\\ w\v- v - 



\ X -y\"-P 



dy 



\L''(R N ) 

for almost every x € M. N . 

From Proposition 15. II we deduce next 
Corollary 5.2. Let N > 2. Let assumptions JAqD , ([A2]) be satisfied. Then 

Is \ x P 3^ dy ^° as N ^°°- (5 - 2) 

j r n \x - y\ 

More precisely, 

i. If N = 2, then, for some C > 0, there holds: 

, P<yV \_ dy<C\x\ a -' y -$ for all x eR 2 (5.3) 
2 \x — y\ z a 



provided < v < a and 



a 2 — v a — v 
ii. If N > 3, then, for some C > 0, there holds 



2 2 2 1 2 rc ^ 

< r < . (5.4) 



/ 1 — ^W^ d y < C\x\ a -^ for all x e R N , (5.5) 

it™ \ x ~ y\ a 

provided 

( N 2) N . , 

max < — , — > < r < — . (5.6) 



a a \ a 
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Proof. Observe that by QA2D , 

< p{x) < p{x) for all x G R N , (5.7) 

where 



max-g p if x G B 



Ri 



p{x) :-- 



C\x\~ a if x G R \Bfj 



i. Let TV = 2. Take < v < a. Observe that Ixl^flxl) G T7(R 2 ) whenever 
r(a — v) > 2. Furthermore, we can find r > 1 such that (|5.4[) is verified. This 
permits to apply Proposition [5J] (with /3 = a) to infer that 

Then, by ([577]). is verified. 

m. Now, let TV > 3. Clearly, p G L r (M. N ) whenever ar > TV. Furthermore, 
we can select r > 1 such that (|5.6[) is verified. This combined with Proposition 
15.11 (with j3 = a, v = 0) implies 



JR« \ x — 2/1 



for almost every x G M w . Then, by (|5.7[) . (|5.5| holds true. This completes 
the proof. □ 



Remark 5.3. Let us note that the first and the second inequality in condition 
(|5.ip in Proposition [5J] are only used to deduce that J r n\ Bi r$$p dy < 00, 
and / G Lj oc (M. N ), respectively. Indeed, such conditions implies that for every 
x G M N , the singular integral J RN r^j^prr^ dy converges. So, if / G Lj oc (R N ) 
by hypothesis, the thesis of Proposition 15.11 remains true without requiring 
the second inequality in (|5.ip . □ 

For further purposes, let us discuss another application of Proposition 
15. 1[ combined with Remark 15.31 To be specific, we will take r > 1 and 

v>N— -. (5.8) 
r 

The role of this condition will be clear in the sequel (see Theorem 15 .61 below) . 

Corollary 5.4. Let TV > 2. Let assumption flApl ) be satisfied. Moreover, 
suppose that 

there exist C > 0, R > and a G (TV, 00) such that t \*\ 

p{x) < C\x\- a for all x G R N \B A . ( 2 > 
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Then (|5.2[) is satisfied. More precisely, for some C > 0, we have: 



j 

1 



P<yV \_ a dy < C\x\ a - v -% forallx£R N , (5.9) 



r« F - V 
provided tt(2 — ct) < u < N and 

2 -,^-)<r<-^. (5.10) 

Observe that (|5.8[) is guaranteed by (|5.10[) . Moreover, the conclusion of 
Corollary 15.41 valid for a > N, is similar to that of Corollary 15.21 where we 
had a > a. 

Proof. Note that \x\ v p £ L r (M. N ) whenever (a — v)r > N. Moreover, p £ 
L\ oc (JsL N )\ hence, in view of Remark 15. 3[ in order to apply Proposition 15.11 
(with (i — a) when condition (|5.8jl is satisfied, we have to find r > 1 and 
v > such that 

'r > 1 

a 

r(a - v) < N 
r(N -v) <N 
r{a — v)>N. 

Since < a < N, this is equivalent to 

r(N-is)<N (5.11) 
r(a — u)>N. 

If we assume that -^(2 — a) < v < N and a > N, then we can find r > 1 
such that (|5.10[) is verified. This implies ()5.11[) . hence the thesis follows. □ 



5.2 Existence of solutions satisfying an extra condition 
at infinity 

Fix any t > 0. Using Corollarv l5.2l we shall prove the existence of a solution 
u to problem (jl.ip satisfying at infinity the following extra condition: 

U(x,t) := J G(u(x, s))ds -> as \x\ -4- oo, 

uniformly with respect to t > r , (5.12) 

where the function G is defined by (|4. 1 [) . Furthermore, we will compute the 
decay rate of U(x,t) as \x\ — > oo, uniformly with respect to t > r. 
This is the content of next 



18 



F. Punzo and G. Terrone 



Theorem 5.5. Let N > 2. Let assumptions QAqD , QA2I ) &e satisfied. Then 
there exists a bounded solution u to problem suc/i t/iat condition (|5.12[) 

holds. More precisely, 

i. if N = 2, then, for some C > 0, we have: 

U(x,t)<2\\u \\ oo [ P{V) &y<C\x\°—i 
jr2 \x - y\ 

for almost every i£l ! \ Bp,, t > r, (5.13) 
provided R > 0,0 < is < a and (|5.4[) is verified. 

ii. If N > 3, £/ien, /or some C > 0, we have: 

U(x,t)<2\\uo\\oo I r -^^dy<C\xr^ 
j r n \x — y\ 

for almost every x E R N \ Bp,, t > r, (5.14) 
provided R > and (|5.6[) is verified. 

Clearly, (|5 . 13[) and f|5 . 14[) hold true in the whole M. N ; however, they are 
not useful in Bp,. Indeed, while the right hand sides goes to infinity for 
I a; I — > 0, we know that U is bounded. 

Proof. For every R > let ur be the unique solution to problem (|3.4[) . Recall 
that, by Proposition 13.61 

< u R < \\uq\\ oo in Br x (0,oo). (5.15) 

Arguing as in Theorem 13.11 it can be proved that u = lim ur solves (jl.ll) . 
It remains to show (|5.12[) . Define 

U R (x,t) := J G(u R (x,s))ds (xeM. N ,t>r) 

and notice that Ur — > U as R — > 00 in M. N x (r, 00), where U in defined in 
(|5.12p . It is direct to see that for every R > 0, t > r the function Ur(-, t) is 
a solution to problem 

(-A)f U R = p[u - u R (-,t)] x e B R 
U = xe dB R . 

So, 

U R (x,t)= K R (x,y)p(y)[u(y,T) -u R (y,t)]dy (x 6 Br, t > t), 

J Br 
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where K R is the Green function for equation (— /S.) a / 2 U = in B R , completed 
with Dirichlet zero boundary conditions. It is easily seen that 

Jim U R (x,t)= / K(x,y)p(y)[u(y,r) -u{y,t)\Ay 



R-^oo 



R N 

N 



for any x £ R ,t>T, (5.16) 
where 

K(x,y):=- (x,y£R N ,x^y) 

\x~y\ N 

is the Riesz Kernel. In fact, there hold 

< K R (x, y) < K(x, y) for any x, y £ B R , x ^ y, (5.17) 

and 

lim K R {x, y) = K{x, y) for any x, y £ R N , x ^ y. (5.18) 

R— >oo 

From ( |AoD , (|5.15|) and (|5.17p . we have for all x, y £ .Br, x ^ y, t > t, 
K R {x,y)p(y)[u R (y 1 T) - < 2|| 

^0 1| oo K(x,y)p(y). (5.19) 

Now, fix any x £ R , t > t. Note that, in view of QA2I ), the function 
2/ i-> 2\\u \\ oo K(x,y)p(y) belongs to L 1 (R JV ). Thus, from (j5J8j) and the 
dominated convergence theorem the limit (|5.16[) follows. Hence 

U(x,t)= I K(x,y)p(y)[u(y,T)-u(y,t)]dy (x£R N ,t>r). (5.20) 

From (|5.20p and Corollary 15.21 we get (|5.13[) and (|5.14[) . which in turn 
imply (|5.12[) . This completes the proof. □ 

From the proof of Theorem 15.51 and Corollarv l5.4l we obtain the following 
result. 



Theorem 5.6. Let assumptions of Theorem 15.51 be satisfied with (IA2D re 



placed by [A^ )■ The the conclusion of Theorem ] 5. 5\ remains true, with (J5.13D 
and (|5.14[) replaced by the following estimate: 

U(x,t) < C\x\ a ~ l, ~^ r for almost every x £ R N \B R , t > t, for some C > 

N 

provided R > 0, — (2 - a) < v < N and ()5.10j) is verified. (5.21) 



Let us recall that solutions constructed in Theorem 15.51 and 15.61 are min- 
imal. 
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5.3 Nonuniqueness of solutions 

From Theorem [53] we infer next nonuniqueness of solutions to problem (11.11) . 

Corollary 5.7. Let N > 2. Let assumptions QAqD , QA 2 D be satisfied. Let 
p G L 1 (R Ar ). Then, for uo = c G (0, oo), problem (jl.ip admits at least two 
bounded solutions. 

Proof. Note that since p G L 1 (R 7V ), u = c G L 00 ^) n L^R^). Clearly, 
u = c is a solution to problem (|1.1[) . Moreover, by Theorem 15.51 there exists 
a solution it to problem (jl.lj) satisfying condition (|5.20[) , so u ^ a. This 
completes the proof. □ 



Let us mention that if we only assume uq G L°°(M. n ), then it is easy to 
verify (see, e.g. [23) ) that problem (|l.ll) admits a very iweaA; bounded solution 
u, in the sense that u G L 00 ^^ x (0, oo)) satisfies 

/ f pud t ipdxdt = - ( [ u m (-Ay /2 ipdxdt 
Jq Jm n Jo Jm n 

for any T > and any test function ip G C$°(R N x [0,T]). Thus next 
nonuniqueness result for very weak solutions immediately follows, without 
supposing p G L 1 (R N ). 

Corollary 5.8. Let N > 2. Let assumptions JAqD , dA 2 [ ) &e satisfied. Then, 
for uq = c G (0, oo), problem (|1 . 1[) admits at least two very weak solutions. 



5.4 Uniqueness of solutions satisfying a decay estimate 
at infinity 



Theorem 5.9. Let iV > 1. Let assumptions flApl ), (A|l &e satisfied. Let 
u be the minimal solution to problem ([l.ljl . fet m &e any solution to problem 
(11.11) smc/i t/iat (]5.21[) is satisfied with r = 0. L/ien u = w. 



Note that the minimal solution u is that constructed in Theorem 15.61 
Proof. Repeat the proof of Theorem 14.11 We obtain: 

p(x)[u(x,t 2 )-u(x,t 2 )}ipR(x)dx- / p(x)[u(x,t 1 )-u(x,t x )](p R (x)dx 



2 f <;(-A)°/ 2 m (x)dxds, (5.22) 

Now we estimate the absolute value of the right hand side of (|5.22j) . Let 
7 > be a constant to be fixed later; put C := pL^itoH™] 1- « . Define 



1 |x| < 1 

\x\-~t \x\ > 1 
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In view of (|4.4[) , (14.61) . and by using Holder inequality and the fact that u is 
minimal we obtain: 



((-A) a/2 p R (x)dxds 



< C 



to 



Ux)] 1 '* I (-A) CT /Vfl(x)C 1/9 K(^)]- 1/9 d.T ds 

i/p 



< 



Cih-h) 1 ^ ( [ [Z(x)]$\(-A)*'*<p R (x)\ p 6x) 
\Jr n J 



G(u(x,s))ds) K(x)] _1 da; 



1/9 



Let t2 = t. Hence, for r = < t\ and G(u) > 0, 



G(u(x,s))ds < U(x,t) (i£l f ,(>0) 



(5.23) 



(5.24) 



Observe that, from hypothesis (|5.21j) we get 

U(x,t)£(x)dx = / U(x,t)dx + 



<T\\u \\Z\Bi\+C 



R N \Bi 

d.c 



U{x,t)£,{x)dx 



r \B! \x 



-cr+i/+^-+7 



In view of (|5.10j) there holds (|5.8j) . so we can select 7 > such that 

»r N 

TV z/ + (7<7<er. 

r 

The first inequality in ()5.25[) implies that 

d.r 



(5.25) 



Fl 



-o-+t/+^-+7 



< 00, 



so 



E7(x, t)£(x)dx < 00 . (5.26) 

We need the second inequality of (|5.25[) in the sequel. In fact, set 

:= / \(-A)°' 2 <p l (x)\ p dx. 
Jb 1 



Arguing as in the proof of Theorem 14.11 we get: 
/ \{-AY' 2 ^ R {x)\ P \x\-^dx 

< dR N - pa + R N - pa+ ^ I -dy. (5.27) 
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Since < 7 < a, we can choose p > 1 so big that 7 < EZ—K. So, since 

-pa + TV + a- < 0, 

9 (5.28) 
(N + a)p - 7- > iV. 

From ([5^5]) . ([BT27|) . ([OS]) . ([BTM]) and (j5T23)) we can infer that 

/ / C{-&Y ,2 vr{x)&x&s as R^oo. (5.29) 

On the other hand, since u,u £ Lp(M. N ),0 < ipn < 1 and (pn(x) — > 1 as 
i? — >• 00 for every a; 6 1 N , by the dominated convergence theorem, 

lim < / p(x)[u(x, t) — u(x, t)]ipndx — / p(x)[u(x, t\) — u(x, ti)]ipndx 
p(x)[u(x, t) — u(x, t)]dx — / p(x)[u(x, t\) — u(x, ti)]dx . (5.30) 



As a consequence of (|5.22p , (|5.29p and (|5.30|) we have: 

p(x)[u(x, t) — u(x, t)]dx — / p(x)[u(x, ti) — u(x, t\)]dx = 0. 



bmce u,u £ C([0,oo);Li(R N )) and u{x,0) = u{x,0) = u (x) for almost 
every x £ ~R N , we have, as t\ — > + , 

p(x) [u(x, t) — u(x, t)]dx = / p(x)[u(x, 0) — u(x, 0)]dx = 0. 

Jr n 

This implies w,(x, t) = u(x, t), for almost every x £ R*, because p > in R^. 
Since i > were arbitrary, the proof is complete. □ 

6 General initial data for the half-Laplacian 

We present now some results for problem p. II) in the particular case a = 1, 
that is 

ipd t u+ (-A)s [u m ] = ieK ,Y J>0 
|u = u ieK JV ! t = 0. 



More precisely, we revisit here some of the results in the previous Sections, 
removing the assumption uq £ L co (M. N ). Preliminarily, in the following Sub- 
section we establish a smoothing estimate for solutions of problem (16. ip . 
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6.1 Smoothing effect 

The proof of the smoothing estimate will make use of the following 



Lemma 6.1. Let assumption QAoD (i)-(iii) be satisfied and a = 1. Let u be 
a solution to problem (|6.ip . Then dtu € L; oc ((0, oo);L:;(R )), and 

pd t u > - . RU ; mR^xfO.oo) (6.2) 
(m — lji 

m i/ie sense of distributions. Furthermore, for any < t < T, 



R« TO + 1 J R N 

1 



1 



pu m+L {x,r)dx. (6.3) 



Lemma liOl can be proved by applying the same arguments as in [7J Propo- 
sition 3.1, Theorem 5.4] and [HI Section 8]; we omit the details. 

We state the smoothing estimate in the following 



Theorem 6.2. Let assumption | |AoD (i)— (iii) be satisfied and a = 1; suppose 
p G L°°(M. N ). Let u be a solution to problem (|6.1[) . Then there exists a 
positive constant C = C(N,m) such that 

IK,*)lk~( R «) < Cr IKH^v) for any i > 0, (6.4) 

where 9 = : , , i . 

m-l+ w 

Thcorem l6.2l can be proved by minor changes in the proof of [Jj Theorem 
2.4]. However, we sketch the proof for reader's convenience. 

Proof. We can consider the solution (u,w) to problem (|2.4I) with a = 1. 
Recall that, according with notations used in Section [3J when dealing with 
harmonic extension, we use the notations := IR^ +1 and r := O n {y = 0}. 
In view of Lemma l6.1[ from equality (|2.5j) we deduce: 



(Vw, Vtp) dxdy + / pdtuipdx = Q. 
n Jr 

This combined with (|6.2p yields 

/ {Vw;, Vtp) dx dy — L t / puip dx<0, 
Jq Jr 

where L t := / m _ X ) t ) tp ^ 0- I R view of Lemma l6.1[ (it, iu) is also a so-called 
strong solution, that is it solves problem (|2.4[) with <r = 1 almost everywhere 
in x (0, oo ) (see [JJ Section 5.3]). So, we can choose tp = w p ,p > (see 
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[2"5l p. 187]). Easy computations and the trace embedding give, for some 
constant C > 0, 

L t [ pu mp+1 dx > [ (X7w,Vw p )dxdy 
Jr Jn 

N-l 

4^ f I _ E±i 1 2 , , ^ X. 4 JJ f f jVmfe+1) 

Vu; 2 dxdy > C- — - / u N ~ 1 dx 



(p+l) 2 Jn l 1 + 1) 



JV — 1 



>CC U u "-i pdxj , (6.5) 
where C*:=^|jp||- " . 

i_ 

For any f > and q £ [1, oo), set |u(-, i) | z,^(r) = IMIg : = (Jr MVda?) " . 
Recall that, in view of assumption flAoD -(i), the measure p{x)dx is absolutely 
continuous with respect the Lebesgue measure in R N , so lim \\u\\ q = ||u||oo, 

q— >oa 

where || ■ Hoc is the usual norm in L°°(M. ). 
Inequality (|6.5[) imply: 



L t \ m(p+l) ™P + 1 



where s := . Iterating (|6.6|) we get: 

iml +1 <(^j Nirs (6.7) 

where <7 fc+ i := s(<7 fe + m - 1), q Q := mp + 1 . 

Easy computations (see [7j Theorem 2.4] for details) give: 

N 

NU< (^) T Nlf . ( 6 - 8 ) 



m 2 +2m+l ' 



where A := g + ./V(m — 1) . 

Choose p = — ; consequently <7 = 2, J 4 = 2+A r (?7i— 1) and C — 
By (|6.8[) . since m > 1, 

iV 

N| 2 <NlflHli< (^^NiJlMIr*, 

so 

/ T . \ 2(1 + N 1 (' m -1)) 2 + JV(m-l) 

N| 2 <(^J Hlf™^. (6.9) 

From ([5T9]) . (pTgj) and (HT2J) we obtain: 

IHIoo<(i^) e |Hir<^KIir. □ 
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Remark 6.3. In [5] the smoothing estimate has been established for problem 
p. 31) for a G (0,2). It remains to be understood whether such effect holds 
for the general problem for any u £ (0,2). □ 

6.2 Existence of solutions 

We shall assume, instead of flApl ), the following 

(i) / 3eC(l JV )nL oo (i Af ),p>0ini A '; 

(ii) u G L+(R N ) (Aq) 
(hi) m > 1 . 

Note that now uq is not necessary bounded, on the other side we require that 
p is so. Concerning existence of solutions, we shall prove next 



Theorem 6.4. Let assumption (Aq) be satisfied. Then there exists a mini- 



mal solution to problem (|6.1|) . Furthermore, (|3.2[) holds true. 

The same arguments used to prove Proposition 13.31 yield the following 



Proposition 6.5. Let assumption (Aq) be satisfied. Let (u,w) and (u,w) 



be minimal solutions provided by Theorem \6.4\ corresponding to initial data 
uq and Mo, respectively. Then, for any t > 0, inequality (|3.3[) holds true. 

Proof of Theorem\6^\ Let {u Qn } C L l p (R N ) r\L°°(R N ) such that u 0n > 0, 
UQ n — > uo in L^(]R ) as n — >• oo. For any n G N, let u n be the minimal 
solution provided by Theorem 13.11 corresponding to initial datum Uo n . In 
view of p.3p . for any t > 0, u n (-,t) — > u(-,t) in Lj^R^) as n — > oo, for some 
function it. Moreover, by standard results in nonlinear semigroup theory, 
u n -> u in (^([O.cxd);^^^)). 

Take any r > 0. By (|6.4|) . there exists C T > such that for all n G N 

< u„ < C T in x (t, oo). (6.10) 

We can find a positive constant C\ = Ci (||wo Hz, 1 ) such that HwonllL 1 < C\ for 
all n G N. By Theorem l3Tl ||u„(-, r) || L i < Ci. This combined with (jOO]) 
implies that there exists C2 > such that 

|M-.T-)IU;»<C2. (6.11) 

From (|6.3p and (|6. we deduce that 

ll^lli^dt < — ^— CT- (6.12) 







From (|6.10[) and (|6.12p . since r > was arbitrary, we can infer that u solves 
equation 

pdtu + i-A) 1 / 2 ^" 1 } = (xel^OO). 
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Observe that for all t > 

\u(x, t) — uq{x)\ p(x) dx < I \u(x, t) — u n (x, t)\ p(x) dx 



+ / \u n (x,t) - u 0n (x)\ p(x) dx + / \u 0n (x) - u (x)\p(x)dx. 

In view of the contraction principle in L x p and continuity in L l p , this implies 
that u(x, 0) = uq(x) for almost every x G M. N . This completes the proof. □ 



6.3 Slowly decaying density 

Concerning uniqueness of solutions we shall prove next 



Theorem 6.6. Let <j = 1 and assumptions (AJ|, QAiD be satisfied. Then 
problem (|6.ip admits at most one solution. 

Proof. Suppose, by contradiction, that there exist two different solutions u, u. 
Then, for some T > and e > 0, there holds 

\\u(;T)-u(.,T)\\ Llp >e. (6.13) 
Since u,u £ C([0, oo);L^(R )}, we can select < r < T such that 
-«o||li < | and \\u(;t)-u \\ l i < |, 

thus 

IK-,r)-«(.,r)|| L i<|. (6.14) 
Let v be the solution to problem 

jpd t v+ (-A)I [v m ] = iel lY ,t>0 
|w = u(a;,r) iel A, ,( = T, 

and the solution to problem 

jpd t v + (-A)s [{) m ] = xel^OO 
|-D = -a(a;,r) iel' v ,( = T. 

Note that, in view of (|6.4j) . u,u are bounded in x [r, oo). Hence such 
solutions v, v, provided by Thcorem l3.1[ are bounded as well. By Proposition 
[33] and (|6T4|) . for all t > t, 

\\v(;t)-v(;t)\\ L i < ||tt(-, T)-u(-,r)||ii < \- 
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In view of QAiD for u,v,u,v £ L°°(K Ar x (r, oo)), by Theorem 14. 1[ v = u, 
v = u. Hence 

||fi(.,t)-«(.,t)|| L j<|. (6.15) 

If we choose t = T, (|6.15|) is in contradiction with (|6.13[) . Hence u = u. The 
proof is completed. □ 



Conservation of mass property remains true even if we assume (Aq 
stead of flApP. In fact, we have next 



Proposition 6.7. Let a = 1 and assumptions (Aq|, QAiD oe satisfied. Then 
equality (|4. 16[) holds true. 

Proof. The unique solution u is obtained as described in the proof of Theorem 
16.41 By Proposition 14. 4[ for every n £ N, 

u n (a;, t)p(x)dx = / M 0n (a;)/o(a;)dx . 



Letting n —> oo, since i) —¥ u(-, t) £ L p (M. ) for any t > and uon - > uo 
in Lp as n — >■ oo, the thesis follows. □ 

6.4 Fast decaying density 



Theorem 6.8. Let N > 2, r>0, cr = l. Lei assumptions (Aq), ( |A 2 D &e 
satisfied. Then there exists a solution u to problem (|6.1j) swc/i t/ia< condition 
(|5.12[) is satisfied. More precisely, inequalities (|5.13[) and (|5.14p wit/i cr = 1 
/ioZd trite. 

Proof. For any nfN, let m„ be the minimal solution constructed in the proof 
of Theorem 16.41 For any n £ N, dchne U n (x,t) := J T G(u n (x, s))ds, x £ 
M. N , t > t. Repeating the proof of Theorem 15.51 we get for any n £ N 

< U n (x,t) < / \K(x,y)p(y)[u n (y,T) ~u n (y,t)]dy\ 

for all x £ R N ,t > r. 

By (|6.4[) . there exists C > such that Hitnllioo^-^xfrjoc)) ^ C uniformly with 
respect to n. So, 

< Unix, t) < 2C / K{x, y)piy)dy for all x £ R N , t> t, n £ N. 
Sending n , — > oo, this yields 

< U(x, t) <2C [ K(x, y)p(y)dy for all x £ R N , t > r. 
Hence the conclusion follows as well as in the proof of Theorem 15.51 □ 
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Theorem 6.9. Let N > 2,a= 1. Let assumptions (Aq|, (AJ) &e satisfied. 
Let u be the minimal solution to problem (|6.ip . Zei u be any solution to 
problem (|6.ip sitc/i i/iai (|5.21[) is satisfied with r > and a = 1. TTien 



Proof. Suppose, by contradiction, that u ^ u. Then, for some T > and 
e > 0, there holds (|6.13[) . Since u,u £ C([0,oo);Xp(R JV )), we can select 
< r < T such that (|6.14[) is verified. Let v be the minimal solution to 
problem 

jpd t v+(-A)i [v m ] = igM^OO 
lu = u(x,r) i = r, 



(6.16) 



and i> the minimal solution to problem 



pd t v + (-A)* [v m ] = iel N t>0 
u = u(a;,T) iel'",i = T: 



(6.17) 



Such solutions u, u are provided by Theorem 15 -61 hence (|5.21|) holds true 
with U replaced by G(v(x, s))ds or f* G(y(x, s))ds, with £7 = 1. Hence, 
by Theorem 15.91 v = u, ?) = u (note that in Theorem 15.91 we had r = 0, 
however now we can apply it for r > 0, since in problems (|6.16p . (|6.17[) initial 
conditions are given for t = r > 0). 

By Proposition [321 and (|6T4)l , for all £ > r, 

\\u(;t)-u(;t)\\Ll < ||fi(-, r) - «(■, r)|| £ i < |. 

If we choose t — T . (|6.15|) is in contradiction with (|6.13|) . Hence u = u. The 
proof is completed. □ 

Remark 6.10. Note that arguments in Subsections I6.2ll6^4l only use £7 = 1 
and p € L°°(M. N ) to apply (|6.4j) . Hence all results in these Subsections remain 
true for < a < 2 and general p £ C(R W ), provided a smoothing estimate 
like (|6.4p can be established for these values of the parameter a and for such 
a density p. □ 
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